where p is a prime and j : S 4 ∨ HP n → S 4 × HP n is the inclusion. We denote the localization of the ring of integers by the prime ideal (p) ⊂ Z by Z (p) Similarly, take u ∈K(S 4 ) (p) and s ∈ H 4 (S 4 ; Q) such that ch u = s. Then, f * b = ks × 1 + 1 × b in H 4 (S 4 × HP n ; Q) and 
Then we have the following formula:
From this formula, one can see that there exists the number
satisfy the following formula for each l:
For example, ǫ 1 = 1/6, ǫ 2 = −1/180, ǫ 3 = 1/1512 etc. From the above argument, if the map (localization)∇(k ∨ i) :
defines a non-negative integer d p (k) for a prime p and an integer k as the largest n such that there exists an extension of
for any prime p if the classifying spaces BG(P k ) and BG(P k ′ ) are homotopy equivalent. Lemma 2.4 in [Tsu01] 
for k 0 and any prime p. But the proof is invalid for p = 2. We will give a correct proof for this case in §4.
We also review the result of [Tsu] . If G(P k ) and
We will generalize these results in §4 and 5.
3. An explicit formula for ǫ i Algebraically, the sequence {ǫ i } ∞ i=0 of rational numbers is defined by the following formula inductively:
and ǫ 0 = 1. Equivalently, {ǫ i } is defined by the equality 
Proposition 3.1. The rational number ǫ i is the i-th coefficient of the Taylor expansion of
where f is holomorphic in a neighborhood of 0.
Proof. Define a holomorphic function h by
in a neighborhood of 0. Then f given by the above formula is the inverse function of h. We also define g by
The next proposition is proved by easy computation.
Proposition 3.2. The holomorphic function f satisfies the following differential equation:
If the power series 
From these equations,
Therefore,
This implies the following formula.
Theorem 3.3.
For a prime p and a rational number n, we denote the p-adic valuation of n by v p (n). Equivalently, if n = p a t p b s where s and t are integers prime to p, then v p (n) = a − b. First, we observe the divisibility of factorials. 
Proof. First, we remark the following:
Lemma 4.2. For a integer n = n r 2 r + n r−1 2 r−1 + · · · + n 0 where 0 ≤ n i < 2 for each i,
Proof. Since v 2 ((2n + 1)!) = 2n − n 0 − · · · − n r and v 2 (n!) = n − n 0 − · · · − n r , the formula above follows. Now, we observe the divisibility of ǫ i by 2. 
Proof. From Lemma 4.2,
Moreover, if n > 1,
The conclusion follows form this.
From this proposition and Theorem 3.3,
Then we have the following theorem.
and Lemma 2.4 in [Tsu01] for p = 2 is proved.
Divisibility of ǫ i by an odd prime
In general, divisibility of ǫ i by an odd prime p is more complicated than by 2 because the interval between a multiple of p and the next one is longer. But for p = 3, we will have a similar result. 
Lemma 5.2. For an odd prime p and a positive integer n,
Moreover, this equality holds if and only if n
Proof. Let n = n r p r + n r−1 p r−1 + · · · + n 0 where 0 ≤ n i < p for each i, especially n r 0. From Lemma 4.1 and 5.1,
. 
where the equality holds if and only if n i = (p − 1)/2 for each i.
Then, by Theorem 3.3, we have
Theorem 5.4. For a non-negative integer n,
Especially, v 3 (ǫ l ) = −l. We also have the following estimate.
Theorem 5.5. For a non-negative integer l < n(p − 1)/2,
These results imply d
Further observation
Though it suffices to know Theorem 4.2, 5.4 and 5.5 for our application, we see the divisibility by 5 here.
For l = 2n, by Theorem 5.4, v 5 (ǫ 2n ) = −n. Then we consider the case l = 2n + 1. Since v 5 (ǫ 2n+1 ) ≥ −n,
The right hand side is computed as 7. Applications to A n -types of gauge groups
As in §2, we assume there exists the following homotopy commutative diagram:
